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This paper studies the regularity of generalized magneto-hydrodynamics equation on the
condition 0< α = β < 3/2. It will show if ∇u ∈ Lp,q on [0, T ) with
2α
p
+ 3
q
 2α, 3
2α
< q+∞,
then the solution can be extended past T .
© 2009 Elsevier Inc. All rights reserved.
In this paper, we study the regularity of 3D generalized magneto-hydrodynamics (GMHD) equations⎧⎪⎪⎨
⎪⎪⎩
∂tu + u · ∇u = −∇p + b · ∇b − (−)αu,
∂tb + u · ∇b = b · ∇u − (−)βb,
∇ · u = 0, ∇ · b = 0,
u(0, x) = u0(x), b(0, x) = b0(x),
(1)
where u is the velocity ﬁeld, b is the magneto ﬁeld and p is a scalar pressure, u0,b0 are the initial velocity and magneto
ﬁeld respectively, with ∇ · u0 = 0, ∇ · b0 = 0. The fractional power of Laplace operator (−)α is deﬁned as
∩(−)α f = |ξ |2α fˆ (ξ).
For notational convenience, we write Λ = (−)1/2.
To author’s best knowledge, all existing regularity results for (1) are for α or β no less than 3/4. In [3], J. Wu dealt with
the case α > 1/2 + d/4 and β > 1/2 + d/4, where d is the dimension of Rn; Y. Zhou [5] studied the regularity of (1) in
the case 1 α = β  3/2. He also considered the cases α = β  5/4, α  5/2 − β together with 1 β  5/4; for the case
3/4< α = β < 5/4, G. Wu studied it in [2].
We also mention others class of regularity criteria for 3D MHD equations. For regularity in term of pressure, see [6].
In [8], Zhou and Fan established regularity criteria only in terms of the pressure. Zhou and Gala [7] established regularity
criteria in the multiplier space.
In this paper, the author will prove the regularity criteria under the condition 0< α = β  3/2. The main result is:
Theorem 1. Let 0< α < 3/2. Assume that the initial velocity and magneto ﬁeld satisfy u0, v0 ∈ H1(R3). If on (0, T ), ∇u ∈ Lp,q with
2α
p
+ 3
q
 2α, 3
2α
< q+∞,
then the solution of (1) can be extended past T .
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Y. Luo / J. Math. Anal. Appl. 365 (2010) 806–808 807Proof. Multiplying the ﬁrst equation of (1) by u and the second equation by b, integrating by parts and adding the
results, we have
1
2
d
dt
∫
R3
(‖Λu‖2L2 + ‖Λb‖2L2
)
dx+ ∥∥Λα+1u∥∥2L2 +
∥∥Λα+1b∥∥2L2 =
∫
R3
∂kui · ∂iu j · ∂ku j dx+
∫
R3
∂kui · ∂ib j · ∂kb j dx
−
∫
R3
∂kbi · ∂ib j · ∂ku j dx−
∫
R3
∂kbi · ∂iu j · ∂kb j dx
= I1 + I2 + I3 + I4. (2)
First, we assume q < ∞. By the Hölder inequality, interpolation inequality, Sobolev imbedding theorem and Young’s
inequality, we get
|I1| =
∣∣∣∣
∫
R3
∂kui · ∂iu j · ∂ku j dx
∣∣∣∣ ‖∇u‖Lq‖∇u‖2Lγ  C‖∇u‖Lq‖∇u‖2θL2 ‖∇u‖2(1−θ)Lr
 C‖∇u‖Lq‖∇u‖2θL2
∥∥Λα+1u∥∥2(1−θ)L2 
∥∥Λα+1u∥∥2L2 + C‖∇u‖1/θLq ‖∇u‖2L2 , (3)
where q, γ , r, θ satisfy
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
1
q
+ 2
γ
= 1,
1
γ
= θ
2
+ 1− θ
r
, 2< γ < r,
r = 2n
n − 2α =
6
3− 2α .
From these equations, we have
θ = 1− 3/(2α) + 3/(γ α). (4)
Similarly, we have
|I2 + I3 + I4|
∥∥Λα+1b∥∥2L2 + C‖∇u‖1/θLq ‖∇b‖2L2 , (5)
where θ is the same as (4). So if 2α/p + 3/q 2α, then 1/θ  p and
T∫
0
‖∇u‖1/θLq dt < +∞.
Combining (2), (3), (5), one obtains
1
2
d
dt
(‖∇u‖2L2 + ‖∇b‖2L2
)
 C
(‖∇u‖1/θLq
(‖∇u‖2L2 + ‖∇b‖2L2
))
. (6)
By the standard Gronwell inequality, we conclude that the solution can be continued after t = T in the case p < +∞.
When q = +∞, then by Hölder inequality, the ﬁrst term of (2) in the right is bounded by ‖∇u‖L∞‖∇u‖2L2 and the others
are bounded by ‖∇u‖L∞‖∇b‖2L2 . The condition 2α/p + 3/q 2α implies that p  1 when q = ∞, then
t∫
0
‖∇u‖L∞ dt < +∞
holds. By the standard Gronwell inequality, the conclusion of this theorem holds. This completes the proof. 
Remark 1. When α = 1, the condition of Theorem 1 becomes
2
p
+ 3
q
 2, 3
2
 q+∞.
This coincides with the result of Zhou [4], He and Xin [1] for MHD equations.
808 Y. Luo / J. Math. Anal. Appl. 365 (2010) 806–808Remark 2. By the Biot–Savart law and the bounds of the Riesz transforms on Lp spaces (1< p < +∞), one obtains
‖∇ f ‖Lp  C‖curl f ‖Lp , ∀1< p < ∞. (7)
So we can derive the regularity in terms of vorticity from Theorem 1. That is, under the same assumption for α,β and
initial value of Theorem 1, if ω0 = curlu0 ∈ L2(R3), ω = curlu ∈ Lp,q with
2α
p
+ 3
q
 2α, 3
2α
< q < ∞,
then the solution remains smooth on (0, T ].
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